Cycles in multipartite tournaments: results and problems  by Volkmann, Lutz
Discrete Mathematics 245 (2002) 19–53
www.elsevier.com/locate/disc
Perspective
Cycles in multipartite tournaments:
results and problems
Lutz Volkmann
Lehrstuhl II fur Mathematik, RWTH Aachen, Templergraben 55, 52056 Aachen, Germany
Received 30 April 1998; received in revised form 11 May 1999; accepted 24 September 2001
Abstract
A tournament is an orientation of a complete graph, and in general a multipartite tournament
is an orientation of a complete n-partite graph. Many results about cycles in tournaments are
known, but closely related problems involving cycles in multipartite tournaments have received
little attention until recently. We describe some of the rapid progress in recent years on this
topic, including powerful new methods and techniques. This study give rise to various interesting
problems and conjectures. c© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction and terminology
An n-partite or multipartite tournament is an orientation of a complete n-partite
graph. A tournament is an n-partite tournament with exactly n vertices. By a cycle
(path) we mean a directed cycle (directed path).
Tournaments and their di:erent generalizations form very interesting and useful
classes of directed graphs and have a rich theory which has no analogue for undi-
rected graphs. In 1968, Moon’s monograph Topics in Tournaments [70] appeared, and
it brought together virtually all the results on tournaments known up to that time.
This important book and the survey articles of Beineke and Wilson [23] in 1975,
Reid and Beineke [76] in 1978, Beineke [21] in 1981, and Bermond and
Thomassen [24] in 1981 provided the inspiration for many mathematicians working
in this Aeld.
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An n-partite tournament can be used to represent the results of competitions. While
round-robin competitions can be interpreted as tournaments, competitions between n
teams in which each player competes once with each player in the remaining n − 1
teams give rise to n-partite tournaments.
Some Arst observations on n-partite tournaments can be found in Moon’s book [70],
p. 63:. In 1976, Bondy [26] was the Arst to look at cycles in multipartite tournaments.
In 1981, Beineke [21] published a survey paper which presented some results on paths
and cycles in bipartite tournaments. In the following decade graph theorists began
to study bipartite tournaments more extensively. Also several properties of cycles and
paths in n-partite tournaments for n¿3 were found. In 1995, Gutin [54] summarized the
results obtained so far. Since this survey of Gutin, the theory of n-partite tournaments
with n¿3 grew rapidly; the subject has really started to blossom. In particular, the
Ph.D. theses of Yeo [106] in 1998, Tewes [81] in 1999, and the habilitation thesis of
Guo [37] in 1998 were devoted to this subject.
In this article we shall describe some of the progress that has been made on properties
of cycles in n-partite tournaments for n¿3. Therefore, throughout this paper we shall
assume, usually without saying so, that n¿3. Cycles in multipartite tournaments are
much more diGcult to analyze than cycles in tournaments.
We shall assume that the reader is familiar with standard terminology on directed
graphs (see, e.g., [28]). In this paper all digraphs are Anite without loops or multiple
arcs. A digraph without cycles of length two is an oriented graph. The vertex set and
the arc set of a digraph D are denoted by V (D) and E(D), respectively. If xy is an
arc of a digraph D, then we write x→y and say x dominates y. If X and Y are two
disjoint subsets of V (D) or subdigraphs of D such that every vertex of X dominates
every vertex of Y , then we say that X dominates Y , denoted by X →Y . Furthermore,
X ❀Y denotes the property that there is no arc from Y to X .
The out-neighborhood N+D (x)=N
+(x) of a vertex x is the set of vertices dominated
by x, and the in-neighborhood N−D (x)=N
−(x) is the set of vertices dominating x. For
a vertex set X of D, we deAne D[X ] as the subdigraph induced by X . The numbers
d+D (x)=d
+(x)= |N+(x)| and d−D (x)=d−(x)= |N−(x)| are the outdegree and indegree
of x, respectively. The minimum outdegree and the minimum indegree of D are denoted
by +(D)= + and −(D)= −, respectively.
There are several measures of how much a digraph di:ers from being regular. The
irregularity I(D) is max |d+(x) − d−(y)| over all vertices x and y of D (including
x=y). In addition, Yeo [109] deAnes the local irregularity as il(D)= max |d+(x) −
d−(x)| over all vertices x of D and the global irregularity as ig(D)= max{max(d+(x);
d−(x))−min(d+(y); d−(y)) | x; y∈V (D)}. Clearly, il(D)6I(D)6ig(D). If ig(D)= 0,
then D is regular; if ig(D)61, then D is almost regular.
A cycle of length m is an m-cycle. A cycle or path in a digraph D is Hamilto-
nian if it includes all the vertices of D. A digraph D is pancyclic if it contains an
m-cycle for all m between 3 and |V (D)|, and D is vertex pancyclic if every vertex
of D is contained in an m-cycle for all m between 3 and |V (D)|. We call a digraph
arc pancyclic if every arc of D is contained in an m-cycle for all m between 3 and
|V (D)|. If D is a digraph, then its underlying graph is the graph obtained by replacing
each arc of D by an (undirected) edge joining the same pair of vertices.
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The distance dD(x; y)=d(x; y) from x to y is the length of a shortest path from x
to y in D. The number d(D)= max{d(x; y) | x; y∈V (D)} is the diameter of D. A set
X ⊆V (D) of vertices is independent if the induced subdigraph D[X ] has no arcs. The
independence number (D)=  is the maximum size among the independent sets of
vertices of D. A digraph D is strongly connected or strong if, for each pair of vertices
u and v, there is a path in D from u to v. A digraph D with at least k + 1 vertices is
k-connected if for any set A of at most k − 1 vertices, the subdigraph D− A obtained
by deleting A is strong. The connectivity of D, denoted by (D), is then deAned to
be the largest value of k such that D is k-connected. If for each pair of partite sets
in a multipartite tournament, the arcs have a common orientation from one partite set
to the other, then the digraph is a uniform multipartite tournament. In some earlier
papers, uniform multipartite tournaments are called ordinary. However, this historical
term is a misnomer, and hence we recommend the use of a more appropriate term
such as “uniform”. A cycle-factor of a digraph D is a spanning subdigraph consisting
of disjoint cycles.
Many of the results in this paper are also valid for the more general class of semi-
complete multipartite digraphs. A semicomplete multipartite digraph is obtained by
replacing each edge of a complete multipartite graph by an arc or by a pair of two
mutually opposite arcs. However, for the sake of clarity, we only deal with multipartite
tournaments.
Tournaments are without doubt the best studied class of directed graphs. Next, we
list some of the classical results about cycles in tournaments whose extensions to
multipartite tournaments are explored in the succeeding sections.
In 1934, RNedei [73] proved that every tournament has a Hamiltonian path. It is
somewhat surprising that 25years passed between the publication of this result and the
next one.
Theorem 1.1 (Camion [27]). Every strong tournament is Hamiltonian.
The great breakthrough occurred in 1966, however, when Moon proved the following
attractive stronger result.
Theorem 1.2 (Moon [69]). Every strong tournament is vertex pancyclic.
Corollary 1.3 (Harary and Moser [61]). Every strong tournament is pancyclic.
As an application of Theorem 1.2, Moon determined a lower bound for the number
of m-cycles in a strong tournament.
Corollary 1.4 (Moon [69]). Let T be a strongly connected tournament of order n.
Then T contains at least n− m+ 1 cycles of length m for 36m6n.
The tournament obtained by reversing the arcs in the unique Hamiltonian path of a
transitive tournament Tn is seen to have precisely n− m+ 1 cycles of length m. This
example of Moon [69] shows that Corollary 1.4 is best possible.
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Further interesting classical results on tournaments were given by Alspach [1] and
Jacobson [64].
Theorem 1.5 (Alspach [1]). Every regular tournament is arc pancyclic.
Theorem 1.6 (Jacobson [64]). If T is an almost regular tournament of order n¿8,
then every arc of T is contained in an m-cycle for each m∈{4; 5; : : : ; n}.
The remainder of the paper consists of Ave main sections: Cycles of all short lengths,
long and longest cycles, Hamiltonian cycles, pancyclic and vertex pancyclic multipartite
tournaments, and Hamiltonian-connectedness and complementary cycles.
2. Cycles of all short lengths
In this section we mainly present results about cycles in strongly connected mul-
tipartite tournaments whose length does not exceed the number of partite sets. This
study leads to various extensions and generalizations of the above mentioned classical
results on tournaments. The investigation of the cycle structure of strong multipartite
tournaments was initiated in 1976 by a result of Bondy [26] that includes Corollary 1.3
of Harary and Moser.
Theorem 2.1 (Bondy [26]). Each strong n-partite tournament contains an m-cycle for
each m∈{3; 4; : : : ; n}.
Theorem 2.1 is best possible in the sense that there exist non-trivial strong n-partite
tournaments with no cycle of length exceeding n. Bondy [26] provided the following
example.
Example 2.2. Let A1; A2; : : : ; An be the partite sets of an n-partite tournament H such
that |A1|=1, say A1 = {a1}. If A2→ a1, a1→Ai for 36i6n, and Aj→Ai for 26i¡j
6n, then H is strong but H has no m-cycle for m¿n (see Fig. 1).
In 1993, Gutin [52] published the following extension of Moon’s Theorem 1.2 for
multipartite tournaments.
Theorem 2.3 (Gutin [52]). Let D be a strong n-partite tournament such that one
partite set consists of a single vertex v. Then for each m∈{3; 4; : : : ; n} there exists
an m-cycle of D containing v.
In 1994, Guo and Volkmann [42] generalized Bondy’s Theorem 2.1 and Gutin’s
Theorem 2.3 and hence also Moon’s Theorem 1.2. To demonstrate the techniques used
in the theory of multipartite tournaments, we present a complete proof of this result.
Theorem 2.4 (Guo and Volkmann [42]). Every partite set of a strongly connected
n-partite tournament D has at least one vertex that lies on cycles of each length
m for m∈{3; 4; : : : ; n}.
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Fig. 1.
Proof. Let V1; V2; : : : ; Vn be the partite sets of D. We show, without loss of generality,
that V1 has a vertex contained in an m-cycle for m=3; 4; : : : ; n. We Arst show that V1
has a vertex on a 3-cycle. We then proceed by induction on m, to show that V1 has a
vertex on cycles of lengths 3; 4; : : : ; n.
Let v∈V1. Since D is strong, v is contained in at least one cycle. Let C = v1v2 · · · vtv1
be a shortest cycle containing v= v1. If v3 =∈V1 and t¿4, then each possible orientation
of v1v3 produces a shorter cycle through v1. Assume then that v3∈V1; so t¿4 and
v4 =∈V1. Since C is a smallest cycle containing v1, it follows that v4→ v1 and t=4.
If v2 and v4 belong to distinct partite sets, then v4→ v2 and v2v3v4v2 is a 3-cycle
containing v3∈V1. Thus, we may assume that v2; v4∈V2. If there is a vertex x∈Vi for
i¿3 that has an out-neighbor and an in-neighbor on C, then at least one of v1 and v3
is on a 3-cycle using an arc of C.
Therefore, we can assume that V (D)− (V1 ∪V2) consists of two sets S1 and S2 such
that S2→V (C)→ S1. Since n¿3, at least one of S1 and S2 is non-empty, say S1 
= ∅.
Since D is strong, there is a path from every vertex in S1 to every vertex of C. Let
P= x1x2 · · · xq be a shortest such path, where necessarily q¿3. If V (P)∩ S2 = ∅, then
one of x2 and x3 belongs to V1 and x1x2x3x1 is a desired 3-cycle. Therefore, suppose
that V (P) ∩ S2 
= ∅. Since P is a shortest path from the vertices in S1 to those in C
and since S2→V (C), it follows that xq−1∈S2. If q=3, then v1x1x2v1 is a 3-cycle. So,
assume that q¿4. Then xq−2∈V1 or xq−2∈V2. In the Arst case, xq−2xq−1v2xq−2 is a
3-cycle; in the second case v1xq−2xq−1v1 is a 3-cycle. Thus V1 has at least one vertex
that lies on a 3-cycle.
Suppose now that u is a vertex of V1 that lies on a t-cycle for t=3; 4; : : : ; m, where
m¡n. We show that either u is on an (m+1)-cycle or V1 contains another vertex that
lies on a t-cycle for t=3; 4; : : : ; m; m + 1. Let C = u1u2 · · · umu1 be an m-cycle with
u1 = u, and let S be the set of vertices that belong to partite sets not represented on
C. If there is a vertex x∈S that has an out-neighbor and an in-neighbor on C, then x
has an in-neighbor on C followed immediately by an out-neighbor on C, and we can
absorb x between those two vertices of C to form the desired (m+1)-cycle. Otherwise,
S can be decomposed into two sets S1 and S2 such that S2→V (C)→ S1. Since m¡n,
we may assume, without loss of generality, that S1 
= ∅. Since D is strong, there is a
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path from S1 to C. Let P=y1y2 · · ·yq be a shortest such path, where necessarily q¿3.
Suppose Arst that V (P)∩ S2 = ∅. Then yi→y1 for i¿3 since P is a shortest path
from S1 to C. If P includes at least one vertex of V1, then choose the minimum value
s for which ys∈V (P)∩V1. We claim that ys lies on a j-cycle for j=3; 4; : : : ; m +
q − 1¿m + 2. If s=2 or s=3, then this claim follows easily from V (C)→ S1 and
yi→y1 for i=3; 4; : : : ; q. If s¿4, then by the choice of ys, we see that ys→yi for
i6s − 2. But then again ys is contained in cycles of lengths 3; 4; : : : ; m + q − 1. If,
on the other hand, V (P)∩V1 = ∅, then u1→yi for i6q − 2, and in view of the case
discussed before, we can assume also that u1→yq−1. Since yq∈V (C) and yq 
= u1, we
have that yq= ur for some r¿2. Then for every i with 16i6q− 1, the cycle
u1yq−iyq−i+1 · · ·yqur+1ur+2 · · · umu1
is of length i + m− r + 2. Furthermore, for every j with 16j6r − 1, the cycle
u1u2 · · · ujy1y2 · · ·yq−1urur+1 · · · umu1
is of length j + q+ m− r. Thus, u1 lies on a t-cycle for t=3; 4; : : : ; m+ q− 1.
It remains to consider the case that V (P)∩ S2 
= ∅. Since S2→V (C), the vertex
yq−1∈S2. If u1 and yq−2 are in distinct partite sets, then u1→yq−2 (by the minimality of
P) and so u1yq−2yq−1u3u4 · · · umu1 is an (m+1)-cycle. If yq−2 is in V1, then u2→yq−2
and then u1u2yq−2yq−1u4u5 · · · umu1 or (if m=3) u1u2yq−2yq−1u1 is an (m+ 1)-cycle,
and the proof is complete.
Recently, Yeo [108] proved another generalization of Bondy’s Theorem 2.1.
Theorem 2.5 (Yeo [108]). If D is a strong n-partite tournament, then D contains a
pancyclic subdigraph of order m for each m∈{3; 4; : : : ; n}.
By reAnements of the induction step in the proof of Theorem 2.4, we gave the
following extension of Theorems 2.4 and 2.5 (see [37, p. 41]).
Theorem 2.6 (Guo and Volkmann [46]). Let D be a strongly connected n-partite
tournament. Then every partite set of D has at least one vertex which lies on a cycle
Cm of each length m for m∈{3; 4; : : : ; n} such that V (C3)⊂V (C4)⊂ · · ·⊂V (Cn).
Example 2.7. Let A1 = {a1}, A2 = {a2}, A3 = {a3}, and A4 = {x1; x2} be the partite sets
of a 4-partite tournament H such that x2a1a2x1a3x2 is a 5-cycle, x1→ a1→ a3, and
a2→{x2; a3}. Then H is strong, but the vertex x1 is not contained in a 4-cycle.
This example shows that not every vertex of a strong n-partite tournament is con-
tained in cycles of each length m for m∈{3; 4; : : : ; n}, in general. But a simple induction
proof shows that the following property is valid for all vertices.
Theorem 2.8 (Guo, Pinkernell, Volkmann [40]). If D is a strong n-partite tournament
and v is an arbitrary vertex of D, then v is contained in an m-cycle or an (m+1)-cycle
for each m∈{3; 4; : : : ; n}.
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In view of Moon’s theorem, it is evident that in a strong uniform n-partite tournament
every vertex is contained in an m-cycle for each m∈{3; 4; : : : ; n}. Furthermore, every
multipartite tournament D with (D)¿(D) has also this property. This can be seen as
follows. Since (D) is the size of the largest partite set, deleting all but one vertex from
a partite set in an n-partite tournament D with (D)¿(D) leaves a strong n-partite
tournament, and then Theorem 2.3 shows the desired statement.
In an earlier version of this paper, I derived the following lower bound for the con-
nectivity, depending on the irregularity and the independence number, which yields a
corresponding result of Thomassen [89] for tournaments: If D is a multipartite tourna-
ment, then (D)¿(|V (D)| − 2(D)− 2I(D) + 2)=3. In the meantime Yeo [106] gave
the following better bound.
Theorem 2.9 (Yeo [106]). If D is a multipartite tournament, then
(D)¿
|V (D)| − (D)− 2il(D)
3
:
Lemma 2.10. If D is a regular n-partite tournament with the partite sets V1; V2; : : : ; Vn,
then |V1|= |V2|= · · ·= |Vn|.
Proof. Let xj∈Vj and xk ∈Vk for 16j¡k6n. Since D is regular, we conclude that
1
2
∑
i =j
|Vi|=d+(xj)=d−(xj)=d+(xk)=d−(xk)= 12
∑
i =k
|Vi|:
This identity yields |Vk |= |Vj|, and the proof is complete.
If D is a regular n-partite tournament, then by Lemma 2.10, every partite set
has the same cardinality (D)= |V (D)|=n. Thus, because of il(D)= 0, we deduce
from Theorem 2.9 for n¿4 that (D)¿((D)n− (D))=3¿(D). Hence, according to
Theorem 2.3, we see as above, that every vertex of a regular n-partite tournament
is contained in an m-cycle for each m∈{3; 4; : : : ; n}, when n¿4. This observation has
also been made independently by Zhou, Yao, Zhang [120] in 1998. The next example
shows that this is not valid for regular 3-partite tournaments, in general.
Example 2.11. Let F be the inAnite family of 3-partite tournaments with the partite
sets V1 =V ′1 ∪V ′′1 , V2 =V ′2 ∪V ′′2 , and V3 =V ′3 ∪V ′′3 , such that for some natural number
p, the sets have sizes |V ′1 |=3p, |V ′′1 |=p, and |V ′2 |= |V ′′2 |= |V ′3 |= |V ′′3 |=2p. Fur-
thermore, assume that V ′2 ∪V ′3 as well as V ′′2 ∪V ′′3 generate p-regular bipartite tour-
naments D1 and D2 such that V (D2)❀V (D1), V (D2)→V ′′1 →V (D1), and V (D1)→
V ′1 →V (D2) (see Fig. 2). Obviously, each such digraph is 4p-regular, but the vertices
of V ′′1 are not contained in a 3-cycle.
It may be noted that this is another example showing that Theorem 2.4 is not valid for
all vertices. Moreover, Tewes, Volkmann, Yeo [88] even proved that every vertex of an
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Fig. 2. A 4p-regular 3-partite tournament with the property that the vertices of V ′′1 are not contained in a
3-cycle.
almost regular n-partite tournament is contained in an m-cycle for each m∈{3; 4; : : : ; n},
when n¿5. The aforementioned results suggest the following problems.
Problem 2.12. Determine other suGcient conditions for strong n-partite tournaments
such that every vertex belongs to an m-cycle for each m∈{3; 4; : : : ; n}.
Characterize all strong n-partite tournaments with the property that every vertex
belongs to an m-cycle for each m∈{3; 4; : : : ; n}.
Yet another generalization of Moon’s theorem is due to Goddard and Oellermann [33]
by an induction proof which is simpler than the proof of Theorem 2.4.
Theorem 2.13 (Goddard and Oellermann [33]). Every vertex of a strongly connected
n-partite tournament D belongs to a cycle that contains vertices from exactly q partite
sets for each q∈{3; 4; : : : ; n}.
If n¡|V (D)| in Theorem 2.13, then this result does not say anything about the
length of the cycles. We will now present the Arst upper bound on the lengths of the
shortest such cycles.
Theorem 2.14. Let D be a strongly connected n-partite tournament, and let w be a
vertex that lies on a cycle C that contains vertices from exactly q partite sets, say
from V1; V2; : : : ; Vq for some q such that 36q6n. Then there exists an r∈{1; 2; : : : ; q}
and a cycle C∗ that contains w and vertices from exactly the q partite sets
V1; V2; : : : ; Vq such that |V (C∗)|6
∑q
i=1; i =r |Vi|+ 1.
Proof. Clearly, the subdigraph H =D[V (C)] is strong. Hence, by Theorem 2.13, there
exists a cycle C′ through w in H that contains vertices from exactly q− 1 partite sets,
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when q¿4. In the case q=3, we have seen in the proof of Theorem 2.4 that w is
contained in a 3-cycle or 4-cycle of H . If w belongs to a 3-cycle or a 4-cycle that
contains vertices from 3 partite sets, then we are done. However, in the remaining
case, we have found a 4-cycle C′ in H through w that also contains vertices from
exactly q − 1=2 partite sets. Let r be the index of the partite set missed by C′, so
V (C′)∩Vr = ∅.
If Vr ∩V (H) contains a vertex u that has an out-neighbor and an in-neighbor on C′,
then, analogously to the proof of Theorem 2.4, u can be inserted in C′ to form a cycle
C∗ through w such that |V (C∗)|6∑qi=1; i =r |Vi|+ 1.
In the remaining case, Vr ∩V (H) can be decomposed into two subsets S1 and S2
such that S2→V (C′)→ S1. Assume, without loss of generality, that S1 is non-empty.
Since H is strong, there is a path from S1 to C′ in H . Let P= u1u2 · · · ut be a shortest
such path with ut = vj and let C′= v1v2 · · · vmv1.
Assume Arst that V (P)∩ S2 = ∅. Since P is a shortest such path, we con-
clude that V (P)∩Vr = {u1}. Consequently, the cycle C∗= u1u2 · · · utvj+1 · · · vj−1u1
contains w and vertices from exactly the q partite sets V1; V2; : : : ; Vq such that
|V (C∗)|6∑qi=1; i =r |Vi|+ 1.
Finally, we investigate the case V (P)∩ S2 
= ∅. Since P is a shortest path and since S1
and S2 are contained in the same partite set, it follows that ut−1∈S2, t¿4, ut−2 =∈Vr , and
V (C′)❀ ut−2. If, without loss of generality, vl→ ut−2, then C∗= vlut−2ut−1vl+1vl+2 · · ·
vl−1vl is such a desired cycle.
The next example shows that the given upper bound is best possible, in the sense
that there exists at least one shortest cycle with the desired properties such that equality
holds in the given upper bound.
Example 2.15. Let A1 = {a1; a2; a3}, A2 = {b1; b2}, A3 = {c1; c2}, and A4 = {d1; d2} be
the partite sets of a strong 4-partite tournament such that
{b2; c1; c2; d1; d2}→ a1→ b1→ a2→ c1→ a3→ b2→ c2→{d1; d2};
{d1; d2}→{b1; a2; c1; a3; b2}, {a3; c1; c2}→ b1, {b2; c2}→a2, b2→c1, and c2→a3. Then
it is straightforward to verify that C(4)= a1b1a2c1a3b2c2d1a1 is a shortest cycle through
a1 that contains vertices from exactly 4 partite sets. Furthermore, 8= |V (C(4))|=
|V1|+ |V2|+ |V3|+ 1.
Inspired by Theorem 2.13 of Goddard and Oellermann, Guo and Kwak [39] studied
recently cycles containing a given arc and vertices from exactly m6n partite sets in
regular n-partite tournaments. We only present the most attractive result of Guo and
Kwak. It may be noted that their proof is much more complicated than the one of the
theorem of Goddard and Oellermann.
Theorem 2.16 (Guo and Kwak [39]). Let D be a regular n-partite tournament. If the
cardinality of each partite set is odd, then every arc of D is in a cycle that contains
vertices from exactly m partite sets for each m∈{3; 4; : : : ; n}.
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Since every partite set of a tournament has cardinality one, Theorem 2.16 imme-
diately implies Alspach’s Theorem 1.5, that states that every regular tournament is
arc pancyclic. The next example shows that this is not valid for regular multipartite
tournaments in general.
Example 2.17. Let C; C′, and C′′ be three induced cycles of length 4 such that
C→C′→C′′→C. The resulting 6-partite tournament D1 is 5-regular, however, no
arc of the three cycles C; C′, and C′′ is contained in a 3-cycle.
Let H; H1, and H2 be three copies of D1 such that H→H1→H2→H . The resulting
18-partite tournament is 17-regular, but no arc of the cycles corresponding to the cycles
C; C′, and C′′ is contained in a 3-cycle.
If we continue this process, we arrive at regular n-partite tournaments with arbitrary
large n, which contain arcs that do not belong to any 3-cycle.
Since it is very easy to see that every arc in a regular tournament is contained in a
3-cycle, the next result is also an extension of Alspach’s Theorem 1.5.
Theorem 2.18 (Guo [37]). Let D be a regular n-partite tournament. If every arc of
D is contained in a 3-cycle, then every arc of D belongs to an m-cycle for each
m∈{4; 5; : : : ; n}.
We have seen in Example 2.17 that it is not true in general, that every arc of a
regular n-partite tournament is contained in a 3-cycle. However, we will show that
every arc of a regular n-partite tournament belongs to a 4-cycle, when n¿6. We even
prove a more general result.
Theorem 2.19. Let V1; V2; : : : ; Vn be the partite sets of an almost regular n-partite
tournament D. If n¿6 and |V1|= |V2|= · · ·= |Vn|= , then every arc of D is contained
in a 4-cycle.
Proof. Since D is almost regular, we have
ig(D)= max
x∈V (D)
{d+(x); d−(x)} − min
x∈V (D)
{d+(x); d−(x)}61: (1)
By the hypothesis |V1|= |V2|= · · ·= |Vn|= , we therefore deduce for all x∈V (D)
(n− 1)− 1
2
6d+(x); d−(x)6
(n− 1)+ 1
2
: (2)
Let now e= uv be an arbitrary arc of D and assume, without loss of generality, that
u∈V1 and v∈V2. Suppose to the contrary that e= uv does not belong to any 4-cycle.
If there are two vertices x; y∈S :=N+(v)∩N−(u) such that x→y, then uvxyu is a
4-cycle containing e= uv, a contradiction. Consequently, S = ∅ or S is a subset of one
partite set, say S ⊆V3. Let |S|= s and deAne W =N+(v) − S. Since e= uv does not
belong to a 4-cycle, we observe that N−(u)❀W .
Case 1: Let |W ∩V3|6(|V3| − s)=2= ( − s)=2. If x∈W ∩ V1, then there is no arc
ax with a∈W , since otherwise (N−(u)∪{a; v})→ x and thus d−(x)¿d−(u) + 2, a
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contradiction to (1). We deAne now the induced subdigraph H =D[W − (V1 ∪V3)] and
the vertex set R=V (D)− (N−(u)∪W ∪{u; v}). It follows at once from (2)
|R|6 |V (D)| − (|N−(u)|+ |N+(v)| − s+ 2)
6 n− ((n− 1)− 1− s+ 2)= + s− 1:
Thus, since (N−(u)∪ (W ∩V1)∪{u; v})❀V (H), we deduce for all x∈V (H) that d+(x)
6d+H (x) + |R|+ |W ∩V3| and thus inequality (2) implies
d+H (x)¿
(n− 1)− 1
2
− |R| − |W ∩V3|¿ n− 4− s+ 12 :
On the one hand, this leads to
|E(H)|¿ n− 4− s+ 1
2
|V (H)|:
On the other hand, the subdigraph H is (n − 3)-partite, and hence, the well-known
Theorem of TurNan [90] (see also [91, p. 212]) yields
|E(H)|6 n− 4
2(n− 3) |V (H)|
2:
According to (2), we have
16|V (H)|6|W |6 (n− 1)+ 1
2
− s= n− − 2s+ 1
2
:
Combining this with the last two estimates, we obtain
n− 4− s+ 1
2
6
n− 4
2(n− 3) |V (H)|6
n− 4
2(n− 3)
n− − 2s+ 1
2
:
This implies n2+ 20+ n69n+ 2s+ 2, and because of s6, it follows:
n2+ 18+ n69n+ 2;
a contradiction to n¿6.
Case 2: Let |W ∩V3|¿(|V3| − s)=2= ( − s)=2. In this case, we replace every arc
xy of D by the arc yx. In the resulting digraph Q, we suppose that the arc e′= vu
does not belong to a 4-cycle. If we deAne S ′=N+Q (u)∩N−Q (v) and W ′=N+Q (u)− S ′,
we see that S ′= S ⊆V3 and |W ′ ∩V3|6(− s)=2. Analogously to Case 1, we obtain a
contradiction. Thus, e′= vu belongs to a 4-cycle in Q and consequently, the arc e= uv
is contained in a 4-cycle of D.
It may be noted that an almost regular n-partite tournament D with the partite sets
V1; V2; : : : ; Vn such that |V1|= |V2|= · · ·= |Vn|=  is regular, if and only if n is odd
or n and  are even. The next example will show that Theorem 2.19 is not true for
n65.
30 L. Volkmann /Discrete Mathematics 245 (2002) 19–53
Fig. 3. A 6-regular 4-partite tournament with the property that the arc uv is not contained in a 4-cycle.
Example 2.20. (i) For n=3, the regular 3-partite uniform tournament with the partite
sets V1; V2, and V3 such that |V1|= |V2|= |V3| and V1→V2→V3→V1 contains generally
no 4-cycle.
(ii) Let V1 = {u; u2; u3; u4}, V2 = {v; v2; v3; v4}, V3 =V ′3 ∪V ′′3 with |V ′3 |= |V ′′3 |=2,
and V4 =V ′4 ∪V ′′4 with |V ′4 |= |V ′′4 |=2 be the partite sets of the 4-partite tournament
such that u→ v→V ′′4 → ((V1 − {u})∪ (V2 − {v}))→V ′4 → u, V ′4 → v→V3→ u→V ′′4 ,
V ′4 →V3→V ′′4 , u→ (V2−{v}))→V ′3 → (V1−{u})→V ′′3 → (V2−{v}), (V1−{u})→ v,
ui→ vi for i=2; 3; 4, v2→{u3; u4}, v3→{u2; u4}, and v4→{u2; u3} (see Fig. 3). The
resulting 4-partite tournament is 6-regular, however, the arc uv is not contained in
a 4-cycle.
(iii) Let V1 = {u}∪V ′1 with |V ′1 |=7, V2 = {v}∪V ′2 with |V ′2 |=7, V3 with |V3|=8,
V4 =V ′4 ∪V ′′4 with |V ′4 |= |V ′′4 |=4, and V5 =V ′5 ∪V ′′5 with |V ′5 |= |V ′′5 |=4 be the partite
sets of a 5-partite tournament such that u→ v→ (V ′′4 ∪V ′′5 )→ (V ′1 ∪V ′2 )→ (V ′4 ∪V ′5 )→
u→ (V ′′4 ∪V ′′5 ), (V ′4 ∪V ′5 )→ v→V3→ u→V ′2 →V3→V ′1 →V ′2 , V ′4 →V ′′5 , V ′5 →V ′′4 , and
(V ′4 ∪V ′5 )→V3→ (V ′′4 ∪V ′′5 ). Furthermore, we choose the arcs between V ′4 and V ′5 and
between V ′′4 and V
′′
5 such that the induced bipartite tournaments are 2-regular (see
Fig. 4). The resulting 5-partite tournament is 16-regular, however, the arc uv is not
contained in a 4-cycle.
With some more e:ort, Volkmann [97] proved the following extension of
Theorem 2.19 for n¿8 and n=7, respectively.
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Fig. 4. A 17-regular 5-partite tournament with the property that the arc uv is not contained in a 4-cycle.
Theorem 2.21 (Volkmann [97]). Let D be an almost regular n-partite tournament.
If n¿8, then every arc of D is contained in a 4-cycle.
If n=7 and there are at least two vertices in every partite set, then every arc of
D is contained in a 4-cycle.
Examples show that these conditions are best possible. The great di:erence between
Theorem 2.19 and Theorem 2.21 consists of the fact that in an arbitrary almost regular
n-partite tournament ||Vj| − |Vi||=2 is possible, when V1; V2; : : : ; Vn are the partite sets.
Using Theorem 2.19 as the basis of induction, Volkmann proved recently the follow-
ing supplement of Jacobsen’s Theorem 1.6 and generalization of Guo’s Theorem 2.18
for n¿6.
Theorem 2.22 (Volkmann [98]). Let D be an almost regular n-partite tournament
with the partite sets V1; V2; : : : ; Vn such that |V1|= |V2|= · · ·= |Vn|¿2. If n¿6, then
every arc of D is contained in an m-cycle for each m∈{4; 5; : : : ; n}.
Using Theorem 2.21 and Theorem 2.22, we proved recently the following supplement
of Theorem 2.22.
Theorem 2.23 (Volkmann and Winzen [100]). Let D be an almost regular n-partite
tournament. If n¿7 and there are at least two vertices in every partite set, then
every arc of D is contained in an m-cycle for each m∈{4; 5; : : : ; n}.
In [97], Volkmann has constructed an almost regular 6-partite tournament with
|V1|= |V2|= |V3|=2, |V4|= |V5|=3, and |V6|=4 which contains an arc that does not
belong to any 4-cycle. Thus, Theorem 2.23 is not valid for 6-partite tournaments in
general.
As an application of Theorems 2.1, 2.4, and 2.13, we give now a lower bound for the
number of m-cycles in strongly connected n-partite tournaments. This bound implies
Corollary 1.4.
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Theorem 2.24. Let D be a strongly connected n-partite tournament. Then D contains
at least n− m+ 1 cycles of length m for 36m6n.
Proof. Let V1; V2; : : : ; Vn be the partite sets of D, and Ax m. We prove the theorem by
induction on n. For n=m the result follows from Theorem 2.1.
Suppose now that n¿m+ 1 and that every strongly connected (n− 1)-partite tour-
nament contains at least (n − 1) − m + 1 cycles of length m. According to Theo-
rem 2.13, there exists a cycle C that contains vertices from exactly n− 1 partite sets.
If H =D[V (C)] is the induced subdigraph by V (C), then H is a strong (n− 1)-partite
tournament which contains by the induction hypothesis at least n−m cycles of length
m. Without loss of generality, let V1 be the partite set with V1 ∩V (C)= ∅. Then, in
view of Theorem 2.4, there is an m-cycle C1 in D with V1 ∩V (C1) 
= ∅. The m-cycle
C1 is di:erent from the m-cycles in H , and thus D contains at least n− m+ 1 cycles
of length m.
Corollary 2.25 (Goddard and Oellerman [33]). Let D be a strongly connected
n-partite tournament. Then D contains at least n− 2 cycles of length 3.
The next theorem of Goddard and Oellermann [33] shows that the bound in
Corollary 2.25 is best possible.
Theorem 2.26 (Goddard and Oellerman [33]). Let G be a complete n-partite graph
that is not isomorphic to K2;2;:::;2 in the case that n is odd. Then there exists a strong
orientation of G with exactly n− 2 cycles of length 3.
Problem 2.27. Given 46m6n, are there examples of n-partite tournaments that are
not tournaments and have exactly n− m+ 1 cycles of length m?
More generally, give a complete n-partite graph G and 46m6n. Is there a strong
orientation of G with exactly n− m+ 1 cycles of length m, unless G is a member of
a Anite family of complete multipartite graphs?
If one could And in a strongly connected n-partite tournament a strong sub-tournament
of order n, then many of the aforementioned results on short cycles would be a direct
consequence of Moon’s theorem. But the next example of Volkmann [94] shows that
this is not possible in general. One cannot even guarantee a strong sub-tournament of
order 4!
Example 2.28. Let V1; V2; : : : ; Vn be the partite sets of an n-partite tournament
with n¿4 and Vn=U1 ∪U2 ∪ · · · ∪Un−1 such that Vi→Vj for 16i¡j6n − 1,
{V1; V2; : : : ; Vt−1; Vt+1}→Ut , and Ut→{Vt; Vt+2; Vt+3; : : : ; Vn−1} for 16t6n− 1. Then
it is a simple matter to verify that the resulting n-partite tournament D is strongly
connected. But the largest strong sub-tournament of D only consists of three vertices.
Although a strong sub-tournament that spans the partite sets cannot be guaranteed in
general, Volkmann [94] obtained the Arst suGcient condition toward guaranteed smaller
strong sub-tournaments.
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Theorem 2.29 (Volkmann [94]). Let D be an almost regular n-partite tournament
with n¿4. Then D contains a strongly connected sub-tournament of order p for
every p∈{3; 4; : : : ; n− 1}.
The next example of Volkmann [94] shows that Theorem 2.29 is best possible for
n=4, even for regular multipartite tournaments.
Example 2.30. Let Vi =V ′i ∪V ′′i with |V ′i |= |V ′′i |= t for i=1; 2; 3; 4 be the partite sets
of a 4-partite tournament such that V ′1 →V ′2 →V ′3 →V ′1 ; V ′′1 →V ′′2 →V ′′3 →V ′′1 ,
(V ′1 ∪V ′2 ∪V ′3 )→V ′4 → (V ′′1 ∪V ′′2 ∪V ′′3 )→V ′′4 → (V ′1 ∪V ′2 ∪V ′3 );
V ′1 →V ′′3 →V ′2 →V ′′1 →V ′3 →V ′′2 →V ′1 :
Now, it is straightforward to check that the resulting 4-partite tournament is
3t-regular without a strongly connected sub-tournament of order 4.
Despite Example 2.30, the result in Theorem 2.29 and further investigations of the
author give support to the following conjectures, where, clearly, the second one is
stronger than the Arst one.
Conjecture 2.31 (Volkmann [94]). Let D be a regular n-partite tournament with n¿5.
Then D contains a strongly connected sub-tournament of order n.
Let D be an almost regular n-partite tournament with n¿5. Then D contains a
strongly connected sub-tournament of order n.
Beyond these conjectures, one can ask further questions.
Problem 2.32 (Volkmann [94]). Determine further suGcient conditions for (strongly
connected) n-partite tournaments to contain a strong sub-tournament of order p for
some 46p6n.
How close to regular must an n-partite tournament be, to secure a strongly connected
sub-tournament of order n?
3. Long and longest cycles
In contrast to the short cycles of Section 2, we next study what is known about
cycles whose length exceeds the number of partite sets. This eventually leads us to the
diGcult question of suGcient conditions for Hamiltonian cycles. Again we begin with
an early result that stimulated the study of these questions.
Theorem 3.1 (Bondy [26]). Let D be a strongly connected n-partite tournament with
the partite sets V1; V2; : : : ; Vn. If there are at least two vertices in every partite set Vi
for 16i6n, then D has an m-cycle with m¿n.
34 L. Volkmann /Discrete Mathematics 245 (2002) 19–53
Letting each Ai for i¿1 have size 2 in the multipartite tournament H in Bondy’s
Example 2.2 shows that the hypothesis |Vi|¿2 in Theorem 3.1 cannot be weakened.
This means that Bondy has found the proper key for the existence of a long cycle.
Problem 3.2 (Volkmann [93]). Characterize all strong n-partite tournaments whose
longest cycle has length exactly n.
Various improvements and supplements of Bondy’s Theorem 3.1 for multipartite
tournaments with at least two vertices in each partite set were obtained.
Theorem 3.3 (Gutin [49]). Given n¿5, let D be a strongly connected n-partite
tournament with the partite sets V1; V2; : : : ; Vn. If |Vi|¿2 for all i, then D has an
(n+ 1)-cycle or an (n+ 2)-cycle.
Theorem 3.4 (Guo, Pinkernell, Volkmann [40]). Let D be a strongly connected n-
partite (n¿4) tournament with the partite sets V1; V2; : : : ; Vn. If |Vi|¿2 for all i,
then every vertex of D is contained in an (n+ 1)-cycle or an (n+ 2)-cycle.
The strong 3-partite uniform tournament with the partite sets A1; A2, and A3 such
that A1→A2→A3→A1, shows that the condition n¿4 in Theorem 3.4 is necessary.
Example 3.5 (Bondy [26]). Let A1; A2 ∪{x}; A3; : : : ; An be the partite sets of an
n-partite tournament H . If A1→ x, x→Ai for 36i6n, Aj→Ai for 16i¡j6n, then
H is strong but H has no m-cycle for m¿n+ 2.
Example 3.5 shows that Theorem 3.4 is best possible in the sense that we can choose
the partite sets arbitrarily large in these multipartite tournaments, but there exists no
m-cycle for m¿n+ 2.
In 1976, Bondy [26] raised the problem: when n¿5, does every strong n-partite
tournament in which each partite set has at least two vertices contain an (n + 1)-
cycle? In 1982, Gutin [47] presented a multipartite tournament that does not. The
same counterexample Q2n (see below) was found two years later independently by
Balakrishnan and Paulraja [3]. In 1996, Guo and Volkmann [44] gave a complete
solution of Bondy’s problem. Before we present this result, we deAne a special family
of multipartite tournaments.
Let n¿5 be an integer, and let P= x1x2 · · · xm be a path with m¿n. The n-partite
tournament consisting of P and the arcs xixj for all i and j satisfying i − j¿1 and
i 
≡ jmod n is denoted by Qm. The set of all n-partite tournaments obtained from Qm
by substituting xi with an independent set of vertices Ai for i=1; 2; m− 1; m such that
Ai→ xj and Ai→Aj, when xi→ xj, is denoted by Wm.
Theorem 3.6 (Guo and Volkmann [44]). Given n¿5, let D be a strongly connected
n-partite tournament, each of whose partite set has at least two vertices. Then D has
no (n+ 1)-cycle if and only if D is isomorphic to a member of Wm, where m− 1 is
the diameter of D.
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Corollary 3.7 (Guo and Volkmann [44]). Given n¿5 and k¿2, let D be a strong
n-partite tournament such that each partite set has at least k vertices. If D has no
(n + 1)-cycle, then the diameter d(D) is at least nk − 1, and every vertex of D lies
on an l-cycle for all l satisfying 36l6d(D) and l 
≡ 1mod n.
Note that Wm is contained in the family of n-partite tournaments such that every
vertex belongs to a cycle of length {3; 4; : : : ; n} (cf. Problem 2.12).
The highly non-trivial proof of Theorem 3.6 is based on Theorem 2.1 and the next
result, which is interesting in itself.
Theorem 3.8 (Guo and Volkmann [44]). Let D be a strong n-partite tournament. If
D has a k-cycle containing vertices from exactly l partite sets, where l¡n, then D
has a cycle of each length t such that k6t6n+ (k − l).
Corollary 3.9 (Balakrishnan and Paulraja [3]). Let D be a strongly connected n-
partite tournament. If D has an n-cycle that visits at most n− 1 partite sets, then D
also contains an (n+ 1)-cycle.
Now we present our Arst theorem on longest cycles. We will give a short proof of
this useful result by J. Ayel.
Theorem 3.10 (Ayel (cf. [63])). If C is a longest cycle of a strongly connected mul-
tipartite tournament D, then D − V (C) contains no cycle.
Proof. Let C = a1a2 · · · ama1 be a longest cycle of D. If C is a Hamiltonian cycle,
then we are done. Otherwise, suppose that bb2b3 · · · bkb is a cycle in D − V (C).
Firstly, assume that N+(b)∩V (C)= ∅. Since D is strong, there exists a shortest path
y1y2 · · ·yq from b=y1 to the cycle C with q¿3. Suppose, without loss of generality,
that yq= a3. If a2 and yq−2 are in di:erent partite sets, then a2→yq−2, and hence
a1a2yq−2yq−1a3 · · · ama1 is an (m + 2)-cycle, a contradiction to the hypothesis that C
is a longest cycle. If a2 and yq−2 are in the same partite set, then a1 and yq−2 are in
di:erent partite sets. Thus a1→yq−2, and hence a1yq−2yq−1a3 · · · ama1 is an (m+ 1)-
cycle, a contradiction. The case N−(b)∩V (C)= ∅ leads similar to a contradiction.
Therefore, it remains the case that b has an out-neighbor and an in-neighbor on C.
If there is an integer j∈{1; 2; : : : ; m} such that aj−1→ b and b→ aj, then D has an
(m + 1)-cycle, a contradiction. Thus, there exists an integer i∈{1; 2; : : : ; m} such that
ai−1→ b, b→ ai+1, and ai and b belong to the same partite set. But now both of the
cases b2→ ai and ai→ b2 yield a contradiction to the hypothesis that C is a longest
cycle.
Next we will derive a structure theorem on multipartite tournaments having no cycles;
it extends some well-known results on transitive tournaments.
Theorem 3.11. Let D be an n-partite tournament with partite sets V1; V2; : : : ; Vn and no
cycle. Then there exists a unique vertex partition X1; X2; : : : ; Xr re8ning the
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decomposition V1; V2; : : : ; Vn such that Xi→Xi+1 for 16i¡r and there is no arc from
X‘ to Xi for ‘¿i.
Proof. We proceed by induction on the order p=p(D) of D. Since the statement
is obvious for p62, we now assume that p¿3. Let X1 be the set of sources in D.
By the induction hypothesis, the subdigraph D − X1 has a desired unique partition,
say X2→X3→· · ·→Xr . Clearly, X1⊆Vj for an j∈{1; 2; : : : ; n}, X1→X2, and there
is no arc from Xt to X1 for t¿1. Thus, X1; X2; : : : ; Xr is the desired unique partition
of D.
As an application of this structural result and Ayel’s Theorem 3.10, we prove a
further extension of Bondy’s Theorem 3.1.
Theorem 3.12. Let D be a strong n-partite tournament, and let k be a positive integer.
If each partite set has at least k elements, then D has an m-cycle with
m¿min
{
kn; n+
k − 1
k
(+ + − − 1)
}
:
Proof. If C = v1v2 · · · vmv1 is a longest cycle in D, then it is easy to see that C visits
each partite set at least once. Consequently, the theorem is proved for k =1. Thus
we now deal with the case k¿2. If m¿kn, then we are done. Hence, assume that
m= n+ t6kn−1. According to Theorem 3.10, the subdigraph D−V (C) is an s-partite
tournament without any cycle for some s6n. Since C visits each partite set at least
once, we obtain n+ t¿(n− s)k + s and so s¿((k − 1)n− t)=(k − 1). Let V1; V2; : : : ; Vs
be the partite sets of D − V (C). Applying Theorem 3.11, we And a vertex partition
X1; X2; : : : ; Xr reAning the decomposition V1; V2; : : : ; Vs such that Xi→Xi+1 for 16i¡r
and there is no arc from X‘ to Xi for ‘¿i.
Now let P=x1x2 · · · xr be a longest path in D−V (C); note that xi∈Xi for i=1; 2; : : : ; r.
If we deAne
A= {i|vi−1→ x1} and B= {i|xr→ vi};
then, since C is a longest cycle, we deduce that A and B are disjoint. By the choice of P,
we see that N−D (x1)⊆V (C) and N+D (xr)⊆V (C). Therefore, |A∪B|= |A|+|B|¿−++.
Now let i∈A and i′∈B be integers such that no element of A∪B occurs both after i
and before i′ in the cyclic list of m indices. Let j+ 1 be the distance from vi−1 to vi′
along C, so that j≡ i′ − imodm. From the fact that C is a longest cycle, it follows
that j¿r. Altogether, we have
n+ t¿|A|+ |B|+ j − 1¿|A|+ |B| − 1 + s¿+ + − − 1 + (k − 1)n− t
k − 1 ;
and consequently, t¿(k − 1)(+ + − − 1)=k.
Conjecture 3.13. Given n¿4, let D be a strongly connected n-partite tournament,
and let k be a positive integer. If each partite set has at least two vertices and
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min{+; −}¿k, then every vertex of D is contained in an (n + k)-cycle or an
(n+ k + 1)-cycle.
Conjecture 3.13 is true for k =1 (cf. Theorem 3.4) and also for k =2 (cf. [40]).
We have seen that not all strong multipartite tournaments are Hamiltonian, but
all of them have the following nice property, which can be proved analogously to
Theorem 3.10.
Theorem 3.14 (Guo, Pinkernell, Volkmann [40]). Every vertex of a strongly connected
multipartite tournament is contained in a longest cycle.
The statement of this theorem is also valid for complete n-partite graphs and grid
graphs. As it happens, there are very few important classes of digraphs (or graphs)
such that every vertex is contained in a longest cycle.
Problem 3.15. Determine interesting families of digraphs (or graphs) for which every
vertex is contained in a longest cycle.
Characterize all digraphs (or graphs) with the property that every vertex is contained
in a longest cycle.
The importance and diGculty of Problem 3.15 become apparent when we realize
that all Hamiltonian digraphs (or graphs) are contained in this class.
A result analogous to Theorem 3.14, namely that every vertex of a multi-
partite tournament is contained in a longest path, was proved by Volkmann [93]
in 1999. The next very attractive connection between longest paths and longest cycles
in strong multipartite tournaments settles a conjecture of Volkmann [96] in
aGrmative.
Theorem 3.16 (Gutin and Yeo [58]). Let D be a strongly connected multipartite
tournament. If p is the number of vertices in a longest path and c is the number of
vertices in a longest cycle in D, then p62c − 1.
The n-partite tournament of Bondy’s Example 2.2 with |Ai|¿2 for i¿2 shows that
this bound is sharp, because in this digraph p=2c − 1=2n− 1.
Theorem 3.17 (Goddard, Kubicki, Oellermann, Tian [32]). Let C be an m-cycle of an
n-partite tournament D that contains vertices from at least three distinct partite sets.
If m¿5, then D contains a cycle of length m− 2 or m− 3.
Goddard, Kubicki, Oellermann, Tian [32] showed that Theorem 3.17 is best possible
in the following sense. Given m=3s for some integer s¿1, there is an n-partite tour-
nament having cycles of length m and m−3, but no (m−2)-cycle. In addition, for each
odd integer m¿9, there exists an n-partite tournament having cycles of length m and
m−2, but no (m−3)-cycle. In our next conjecture we present a possible improvement
of the last theorem.
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Conjecture 3.18 (Guo and Volkmann). Given n¿4, let C be an m-cycle of an n-partite
tournament D that contains vertices from at least four distinct partite sets. If m¿5,
then D contains a cycle of length m− 1 or m− 2.
Using the following structure theorem of non-strong multipartite tournaments, in
1999, Tewes and Volkmann [85] and Tewes [81] conArmed this conjecture for the
cases that the induced subdigraph by the vertices of the cycle C is not 2-connected
and that it is 2-connected but not 3-connected, respectively.
Theorem 3.19 (Tewes and Volkmann [85]). Let D be a non-strong n-partite tourna-
ment with the partite sets V1; V2; : : : ; Vn. Then there exists a unique decomposition
of V (D) into pairwise disjoint subsets X1; X2; : : : ; Xr , where Xi is the vertex set of
a strong component of D or Xi⊆Vl for some l∈{1; 2; : : : ; n} such that Xi❀Xj for
16i¡j6r and there are xi∈Xi and xi+1∈Xi+1 such that xi→ xi+1 for 16i¡r.
The proof of this useful structure result is only a little bit more complicated than
the proof of Theorem 3.11. A further application of it can be found in a recent paper
of Volkmann [99].
The next theorem shows immediately that various of the above mentioned results
are also valid for the more general class of semicomplete multipartite digraphs (for
example, Theorems 2.1, 2.3, 2.4, 2.5, 2.6, 2.8, 2.13, 2.14, 2.24, 3.1, 3.3, and 3.14).
Theorem 3.20 (Volkmann [96]). Let D be a strongly connected semicomplete
n-partite digraph with a longest cycle C. Then D contains a strongly connected span-
ning n-partite tournament that also has C as a longest cycle if and only if D is not
an element of the family of semicomplete bipartite digraphs having partite sets X
and Y such that |X |=1 and X →Y →X .
The proof of Theorem 3.20 makes use of the following observation, which is im-
plicitly contained in a paper of Boesch and Tindell [25]. Let D be a strong digraph,
and let uvu be a 2-cycle in D. Then at least one of the digraphs D − uv and D − vu
is strong if and only if the underlying graph of D − {uv; vu} is connected.
4. Hamiltonian cycles
Camion’s result (Theorem 1.1) says that a tournament is Hamiltonian if and only
if it is strong. As shown in Bang-Jensen [4], this simple condition remains valid for
locally semicomplete digraphs. This class of digraphs is a further extremely attractive
generalization of tournaments, introduced by Bang-Jensen [4] in 1990. A digraph is
semicomplete, if for any two distinct vertices, there is at least one arc between them.
A digraph D is locally semicomplete, if for every vertex x the out-neighborhood as
well as the in-neighborhood of x induce semicomplete digraphs.
Di:erent examples, mentioned above, show that strong multipartite tournaments are
not necessarily Hamiltonian. Characterizations of Hamiltonian multipartite tournaments
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Fig. 5.
seem to be interesting but also diGcult. A Arst suGcient condition for multipartite
tournaments to be Hamiltonian was given by Jackson [63] in 1981 in the following
implicit form.
Theorem 4.1 (Jackson [63]). Every oriented graph D with +; −¿k¿2 on at most
2k + 2 vertices is Hamiltonian.
The oriented graphs satisfying Theorem 4.1 are all multipartite tournaments. The
minimum degree bounds force at least 2k+1 vertices. If equality holds, then the digraph
is a tournament, and when there are 2k + 2 vertices it is a multipartite tournament in
which each partite set has at most two vertices.
Gutin [48] and HVaggkvist and Manoussakis [59] gave independently a nice nec-
essary and suGcient condition for the existence of a Hamiltonian cycle in bipartite
tournaments, and Gutin [51] characterized the family of Hamiltonian uniform multi-
partite tournaments. Recall that a “cycle-factor” in a digraph means a spanning set of
pairwise-disjoint cycles.
Theorem 4.2 (Gutin [48]; HVaggkvist and Manoussakis [59]). A bipartite tournament
is Hamiltonian if and only if it is strong and has a cycle-factor.
Theorem 4.3 (Gutin [51,53]). An uniform multipartite tournament is Hamiltonian if
and only if it is strong and has a cycle-factor.
We point out here that this simple characterization does not hold for n-partite tour-
naments, in general, as the following important example shows.
Example 4.4. Let H be the multipartite tournament consisting of the four sets A1; A2;
B1; B2, each of size p, such that the set A1 ∪B1 will remain an independent set. Now
we choose arcs between A1 and A2 and between B1 and B2 such that the induced
bipartite tournaments contain Hamiltonian cycles C1 and C2, respectively. Furthermore,
assume that A1→B2 and A2→B1. Finally, let H [A2 ∪B2] be an arbitrarily k-partite
tournament with 26k62p such that there exists at least one arc from B2 to A2 (see
Fig. 5).
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By construction, the multipartite tournament H is strongly connected, and H has
a cycle-factor consisting of the two disjoint cycles C1 and C2. If there would be a
Hamiltonian cycle in H , then every second vertex on it would belong to A1 ∪B1. But
this is impossible, because every path from B1 to A1 passes through B2 and A2.
In the case that n¿3, the only known suGcient condition for a strong n-partite
tournament to be Hamiltonian involves the existence of special cycle-factors (where
the arcs between the cycles satisfy a certain condition). This was proved by
Bang-Jensen, Gutin, Huang [13] in 1996. These authors introduced in their paper [13]
the useful notion of a partner, which is deAned as follows.
Let P be a path from x to y in a digraph D, and let Q= v1v2 · · · vr be a path or
a cycle in D − V (P). Then we say that P has a partner on Q if there is an arc (the
partner of P) vivi+1 on Q such that vi→ x and y→ vi+1. In this case the path P can
be inserted into Q in order to obtain a new path (or cycle) v1v2; : : : ; viPvi+1vi+2; : : : ; vr .
For non-Hamiltonian multipartite tournaments, Yeo [105] proved in 1997 a very
strong condition on the arcs between the cycles of a cycle-factor with the minimum
number of cycles (called a minimal cycle-factor). This paper of Yeo [105] is really a
major contribution with signiAcant impact to this theory, and it has been used in a lot
of papers on this topic. Now we present a simpler version of Yeo’s main theorem (cf.
Theorem 4.5), and then we shall demonstrate how it applies (cf. Theorem 4.7).
Let C be a cycle in a digraph D. For a vertex x∈V (C), the predecessor and the
successor of x on C are denoted by x− and x+, respectively.
Theorem 4.5 (Yeo [105]). Let D be a multipartite tournament having a cycle-factor
but no Hamiltonian cycle. Then there exists a partite set V ∗ of D and an indexing
C1; C2; : : : ; Ct of the cycles of some minimal cycle-factor of D such that for all arcs
xy from Cj to C1 for 26j6t, we have {x+; y−}⊆V ∗.
For the proof of Theorem 4.5, Yeo makes clever use of the notion of partners. In
particular, he applies extensively the following lemma, which is implicitly contained
in [13].
Lemma 4.6. Let P=p1p2 · · ·pk be a path in a digraph D, and let C be a cycle in
D − V (P). If for each odd i, the vertex pi as well as the arc pipi+1 has a partner
on C, then D contains a cycle with vertex set V (P)∪V (C).
In 1989, Zhang [114] conjectured that every regular multipartite tournament is
Hamiltonian, and he gave support for this conjecture by proving that every such mul-
tipartite tournament contains a cycle omitting at most one vertex.
According to Lemma 2.10, the number of vertices r in each partite set of a reg-
ular multipartite tournament is the same. As we can see by the theorems of Camion
and Jackson, this conjecture is valid for the cases r=1 and r=2. With the help of
Theorem 4.5, however, Yeo [105] was able to prove this conjecture of Zhang.
Theorem 4.7 (Yeo [105]). Every regular multipartite tournament D is Hamiltonian.
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Proof. In view of the 1916 theorem of KVonig [65], that every regular bipartite graph
has a perfect matching, it follows immediately that the regular digraph D has a cycle-
factor. (In 1998, Gropp [34] pointed out that KVonig’s result was already proved in the
dissertation of Steinitz [80] in 1894.) If there exists a minimal cycle-factor consisting
of only one cycle, then D is Hamiltonian.
Otherwise, we choose a minimal cycle-factor C1 ∪C2 ∪ · · · ∪Ct with the properties
described in Theorem 4.5. If xy is an arc from Cj to C1 for 1¡j6t, then Theorem 4.5
implies that {x+; y−}⊆V ∗. Since x and y− are in di:erent partite sets, there is an
arc between them. If this arc is xy−, then Theorem 4.5 yields (y−)−∈V ∗, but this is
impossible. Therefore, y−x is an arc of D, and similarly it follows that yx+ is also an
arc of D. We cannot generate an arc twice in this way. If y−x= vu+ arising from arcs
xy and uv from Cj to C1, then Theorem 4.5 yields x+; y−; u+; v−∈V ∗. With u+ = x,
this contradicts the existence of xx+.
On the one hand, we showed that the number of arcs leaving V (C1) is at least twice
as large as the number of arcs entering V (C1). On the other hand, D is Eulerian and
therefore strong, and hence there exists at least one arc from V (D)−V (C1) to V (C1).
However, this contradicts the fact that in an Eulerian digraph every set has equally
many arcs entering it as leaving it.
Combining his structural theorem with a result of Bang-Jensen, Gutin, Yeo [14] on
arbitrary k-connected digraphs, Yeo obtained the next statement.
Theorem 4.8 (Yeo [105]). Let D be a k-connected multipartite tournament, and let
X be an arbitrary set of vertices in D with at most k vertices from each partite set.
Then there exists a cycle C in D with X ⊆V (C).
Some special cases of this theorem, stated in the next two corollaries, are of particular
interest.
Corollary 4.9 (Yeo [105]). A k-connected multipartite tournament has a cycle
through any set of k vertices.
Corollary 4.10 (Yeo [105]). If D is a multipartite tournament with (D)¿(D), then
D is Hamiltonian.
Note that these corollaries are analogues of classical results for undirected graphs.
The Arst one is analogous to a theorem of Dirac [30], that a k-connected graph has
a cycle through any k vertices, and the second one to the ChvNatal–Erdo˝s suGcient
condition for Hamiltonian cycles [29].
Corollary 4.9 was conjectured by Bang-Jensen, Gutin, Yeo [14], and Corollary 4.10
was conjectured by Guo and Volkmann (cf. [92]).
One of the Arst questions asked about a class of digraphs is whether the Hamiltonian
cycle problem is polynomial solvable. In 1998, Bang-Jensen, Gutin, Yeo [16] obtained
a polynomial algorithm that can And a Hamiltonian cycle in a multipartite tournament D
in O(|V (D)|)7 time. In order to prove this algorithm, the authors use the main results
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from [105] heavily. This implies that the Hamiltonian cycle problem in multipartite
tournaments is much easier than in arbitrary digraphs or graphs. More information on
the algorithmic aspects of multipartite tournaments can be found in the survey paper
of Gutin [54] and in Yeo [110].
As further applications of Theorem 4.5, we present some extensions of Theorem 4.7.
One of the most natural ways of generalizing it is to relax the condition that the
multipartite tournament be regular. First, we make use of the following theorem of
Ore [71, p. 119–120], which is an application of the Marriage Theorem (cf. Frobenius
[31], KVonig [66], Hall [60]) that a bipartite graph G with the partite sets X and Y has
a perfect matching if and only if |X |= |Y | and |S|6|N (S)| for each S ⊆X . Since this
result of Ore is not well known, we present its short proof.
Theorem 4.11 (Ore [71]). Let G be a bipartite graph with the partite sets X and Y
such that |X |= |Y |. If there exists a positive integer m satisfying∑
y∈Y; d(y)¿m
(d(y)− m) +
∑
x∈X; d(x)¡m
(m− d(x))6m− 1;
then G has a perfect matching.
Proof. If S ⊆X is an arbitrary subset, then we have∑
x∈S
d(x)¿m|S| −
∑
x∈S; d(x)¡m
(m− d(x))
and ∑
y∈N (S)
d(y)6m|N (S)|+
∑
y∈N (S); d(y)¿m
(d(y)− m):
These inequalities and the fact that
∑
x∈S d(x)6
∑
y∈N (S) d(y) imply together with the
hypothesis
m(|S| − |N (S)|)6
∑
y∈Y; d(y)¿m
(d(y)− m) +
∑
x∈X; d(x)¡m
(m− d(x))6m− 1:
Since |S| − |N (S)| is an integer we conclude that |S|6|N (S)| and hence, in view of
the Marriage Theorem, G has a perfect matching.
Corollary 4.12. Let D be a digraph, and let
f(D;m)=
∑
x∈V (D); d+(x)¿m
(d+(x)− m) +
∑
x∈V (D); d−(x)¡m
(m− d−(x)):
If f(D;m)6m − 1 for some positive integer m, then D contains a cycle-factor. In
particular, every regular digraph has a cycle-factor.
Theorem 4.13 (Guo, Tewes, Volkmann, Yeo [41]). If D is a multipartite tournament
such that f(D;m)6m− 1 for some positive integer m, then D is Hamiltonian.
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As one can see, Ore’s result was the motivation for proving Theorem 4.13. Yeo
[109] has also done some work using the irregularity of multipartite tournaments. The
next result is the main theorem in his excellent paper [109].
Theorem 4.14 (Yeo [109]). Let V1; V2; : : : ; Vn be the partite sets of an n-partite tour-
nament D such that |V1|6|V2|6 · · ·6|Vn|. If either (3) or (4) below holds, then D
is Hamiltonian.
il(D)6min
{
|V (D)| − 3|Vn|+ 1; |V (D)| − |Vn−1| − 2|Vn|+ 22
}
; (3)
ig(D)6
|V (D)| − |Vn−1| − 2|Vn|+ 2
2
: (4)
In addition, Yeo [109] constructed examples showing that this theorem is best pos-
sible. As a Arst application of Theorem 4.14, Yeo [109] derived the following result,
which proves two conjectures posed by the author in an earlier version of this paper.
Theorem 4.15 (Yeo [109]). Let V1; V2; : : : ; Vn be the partite sets of an n-partite
tournament D such that r= |V1|6|V2|6 · · ·6|Vn|= r + j for some j∈{0; 1}. If
il(D)6((n−3)r+2− j)=2, then D is Hamiltonian. Furthermore, if n=4, r=1, j=0,
and il(D)62, then D is Hamiltonian.
A further important consequence of Theorem 4.14 is the following result, which is
used heavily in Yeo [108] and [112] for investigations of the vertex pancyclicity of
regular multipartite tournaments (see the next section).
Theorem 4.16 (Yeo [108]). Let D be a regular n-partite tournament and let w be an
arbitrary vertex of D. Then w is contained in an m-cycle for all m satisfying
|V (D)| 2n− 2
3n− 5 +
2n
3n− 56m6|V (D)|:
Next, we present another type of suGcient condition for n-partite tournaments to be
Hamiltonian.
Theorem 4.17 (Guo, Tewes, Volkmann, Yeo [41]). Let D be a multipartite tourna-
ment whose partite sets have even size and have at most half the vertices of D. If
every vertex has exactly half the vertices of each other partite set as successors, then
D is Hamiltonian.
For the proof of Theorem 4.17, we Arst ensure the existence of a cycle-factor by
using the following characterization of Ore [71]. A digraph H contains a cycle-factor
if and only if |S|6|N+(S)| for every S ⊆V (H). As the reader can see, this is an easy
application of the best known results of Frobenius [31], KVonig [66], and Hall [60]
in the theory of matchings in bipartite graphs. Since the digraph D in Theorem 4.17
is also Eulerian, we subsequently obtain, as in the proof of Theorem 4.7, that D is
Hamiltonian.
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Combining Ore’s [71] characterization of cycle-factors in digraphs with Theorem 2.1,
Theorem 3.10, and some of Yeo’s [58] structure results, we proved recently the follow-
ing supplement to Theorem 3.16 of Gutin and Yeo [58]. This improves their inequality
when a connectivity condition is added.
Theorem 4.18 (Tewes and Volkmann [86]). Let D be a strongly connected
multipartite tournament with (D)= (D) − 1. If p is the number of vertices
in a longest path and c is the number of vertices in a longest cycle in D, then
(D)p6((D) + 1)c − (D).
This result and Theorem 3.16 give support to the next conjecture of the author.
Conjecture 4.19. Let D be a strongly connected multipartite tournament with
(D)¡(D). If p is the number of vertices in a longest path and c is the number of
vertices in a longest cycle in D, then (D)p6((D) + 1)c − (D).
The next example shows that Conjecture 4.19 would be best possible.
Example 4.20. Let A1; A2; : : : ; An be the partite sets of an n-partite tournament H such
that n¿3, |A1|= |A2|= · · ·= |An−1|= k+1, and |An|= q6k. If Ai→Aj for 16i¡j6n,
except that An→A1, then (H)= q, c= nq, and p= nq+n−1. This immediately implies
(H)p= q(nq + n − 1)= ((H) + 1)c − (H), and therefore we have equality in the
inequality of Conjecture 4.19.
It should be noted that in the case (D)¿(D), Corollary 4.9 implies that the
multipartite tournament D is Hamiltonian and thus p= c= |V (D)|. Furthermore, we
think that Conjecture 4.19 is also valid for the more general class of semicomplete
multipartite digraphs.
Nevertheless, there remains the overall problem.
Problem 4.21. Characterize all Hamiltonian n-partite tournaments (or semicomplete
multipartite digraphs).
For further results on long cycles or Hamiltonian cycles in bipartite tournaments we
refer the reader to Amar and Manoussakis [2], Bang-Jensen and Manoussakis [19],
Beineke and Little [22], Gutin [48,54], HVaggkvist and Manoussakis [59], Li, Wang,
Zhang, Song [67], Manoussakis [68], Wang [102,103], Zhang [113], and Zhang, Song,
Wang [118].
5. Pancyclic and vertex pancyclic multipartite tournaments
Corollary 1.3 of Harary and Moser [61] says that a tournament is pancyclic if and
only if it is strong, and Theorem 1.2 of Moon [69] even states that a tournament is
vertex pancyclic if and only if it is strong.
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In 1997, Bang-Jensen, Guo, Gutin, Volkmann [7] characterized pancyclic and vertex
pancyclic locally semicomplete digraphs.
The pancyclicity and vertex pancyclicity problems for multipartite tournaments seem
to be much more diGcult in general. There are relatively few results on this topic.
Gutin characterized all uniform pancyclic and vertex pancyclic multipartite tourna-
ments. A uniform multipartite tournament is called a zigzag digraph if it has more
than four vertices and has n partite sets V1; V2; : : : ; Vn such that V1→V2→Vi→V1 for
any i∈{3; 4; : : : ; n} and |V1|= |V2|= |V3|+ |V4|+ · · ·+ |Vn|.
Theorem 5.1 (Gutin [50]). An uniform n-partite tournament is pancyclic if and only
if it is strong with a cycle-factor and it is neither a zigzag digraph nor a 4-partite
tournament with at least 8ve vertices.
Theorem 5.2 (Gutin [53,55]). A pancyclic uniform n-partite tournament is vertex
pancyclic if and only if n¿3 or it is a 3-cycle.
Around the same time, Song [79] generalized Jackson’s Theorem 4.1.
Theorem 5.3 (Song [79]). Let D be an oriented graph of order p¿9. If
d+(x) + d−(x)¿p − 2 for all x∈V (D) and every two vertices u; v satisfy either
uv∈E(D) or d+(u) + d−(v)¿p− 3, then D is pancyclic.
Note that every digraph satisfying the conditions of Theorem 5.3 is a multipartite
tournament such that each partite set contains at most two vertices. Using Song’s result
and Theorem 2.4, Bang-Jensen and Guo [6] showed that if D has the properties of
Song’s theorem, then D is also vertex pancyclic.
Theorem 5.4 (Bang-Jensen and Guo [6]). Let D be an oriented graph of order p¿9.
If d+(x) + d−(x)¿p − 2 for all x∈V (D) and every two vertices u; v satisfy either
uv∈E(D) or d+(u) + d−(v)¿p− 3, then D is vertex pancyclic.
Conjecture 5.5. Every regular n-partite tournament with n¿4 is pancyclic.
Let A1; A2; A3 be the partite sets of a 3-partite tournament H such that
|A1|= |A2|= |A3|¿2. If A1→A2→A3→A1, then H is regular, but not pancyclic.
Therefore, the condition n¿4 is necessary in Conjecture 5.5.
The author also believes that the following stronger conjecture holds. Recall that
“almost regular” means that the global irregularity ig(D) is at most 1.
Conjecture 5.6. Every almost regular n-partite tournament with n¿4 is pancyclic.
Recently, Yeo [108] conArmed Conjecture 5.5 for n¿5. In fact, he proved that such
multipartite tournaments are also vertex pancyclic.
Theorem 5.7 (Yeo [108]). Every regular n-partite tournament with n¿5 is vertex
pancyclic.
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We will now outline the proof of Theorem 5.7. Let D be a regular n-partite tourna-
ment such that n¿5. If m∈{3; 4; : : : ; |V (D)|} is an arbitrary integer, then we have to
verify that every vertex w of the digraph D is contained in a cycle of length m. First,
assume that m¿|V (D)|(2n− 2)=(3n− 5) + 2n=(3n− 5). In this case, the desired cycle
through w exists by Theorem 4.16. By combining a clever variation of the “partner
technique” (cf. Section 4) with Theorems 2.5, 2.9, 4.5, and some further new ideas,
Yeo proved the following result, which easily leads to the remaining shorter cycles
containing the vertex w.
Theorem 5.8 (Yeo [108]). Let D be a regular n-partite tournament with n¿5, and
let w be an arbitrary vertex in D. Then w belongs to an m-cycle for every integer m
with 36m6|V (D)| − (D).
Using a probabilistic approach, Yeo [112] also proved that all, except possibly a
Anite number, regular 4-partite tournaments are vertex pancyclic. (The inAnite family
F of Example 2.11 shows that this is not valid for regular 3-partite tournaments.)
Thus, Conjecture 5.5 is true for all n¿5 and all n=4, except possibly a Anite number
of counterexamples. These results support the next conjecture.
Conjecture 5.9 (Yeo [109]). Every regular 4-partite tournament is vertex pancyclic.
By reAnements of the methods and techniques used in [108], we proved an analogue
of Theorem 5.8 for almost regular multipartite tournaments.
Theorem 5.10 (Tewes, Volkmann, Yeo [88]). Let D be an almost regular n-partite
tournament with n¿5, and let w be an arbitrary vertex of D. Then w belongs to an
m-cycle for every integer m with 36m6|V (D)|−2(D)+2. If (D)¿5, then w also
belongs to an m-cycle for every integer m with 36m6|V (D)| − (D)− 1.
By extensive application of Theorem 5.10 and many other results, mentioned above,
we proved the following property on almost regular multipartite tournaments.
Theorem 5.11 (Tewes, Volkmann, Yeo [88]). Every almost regular n-partite tourna-
ment with n¿8 is vertex pancyclic.
Theorem 5.12 (Tewes, Volkmann, Yeo [88]). Every almost regular n-partite tourna-
ment with 56n67 is vertex pancyclic, except possibly a 8nite number of counterex-
amples, whose partite sets have di<erent cardinalities.
Tewes, Volkmann, Yeo [88] constructed some inAnite families of almost regular 4-
partite tournaments that are not vertex pancyclic. Thus, Theorem 5.12 as well as the
next conjecture cannot be extended to almost regular 4-partite tournaments.
Conjecture 5.13 (Tewes, Volkmann, Yeo [88]). An almost regular n-partite tourna-
ment with 56n67 is vertex pancyclic.
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Conjecture 5.14. If D is an almost regular 4-partite tournament, then every vertex of
D is contained in an m-cycle for all m with 46m6|V (D)|.
Problem 5.15. Let i be a non-negative integer.
What is the least integer f(i) such that all, except possibly a Anite number, n-partite
tournaments D with global irregularity ig(D)6i are vertex pancyclic for n¿f(i)?
What is the least integer h(i) such that all n-partite tournaments D with global irregu-
larity ig(D)6i are vertex pancyclic for n¿h(i)?
Obviously, f(i)6h(i). But is it true that f(i)= h(i)?
In view of the aforementioned results, we observe that f(0)= 4, f(1)= 5,
46h(0)65, and 56h(1)68.
Problem 5.16. Find new suGcient conditions for pancyclic and vertex pancyclic mul-
tipartite tournaments.
Characterize the family of all pancyclic multipartite tournaments.
Characterize the family of all vertex pancyclic multipartite tournaments.
A further extension of Alspach’s theorem is due to Pan, Zhou, Zhang [72].
Theorem 5.17 (Pan, Zhou, Zhang [72]). Every regular uniform n-partite tournament
is arc pancyclic, when n¿5.
This result, Theorem 2.22, and further investigations support the following conjec-
tures, where, clearly, the last one is the most generally one, and the second and third
conjecture is stronger than the Arst one.
Conjecture 5.18. Let D be an n-partite tournament with the partite sets V1; V2; : : : ; Vn
such that |V1|= |V2|= · · ·= |Vn|¿2 and n¿6.
If D is regular and every arc is contained in a 3-cycle, then D is arc pancyclic.
If D is almost regular and every arc is contained in a 3-cycle, then D is arc pancyclic.
If D is regular, then every arc of D is contained in an m-cycle for each m with
46m6|V (D)|.
If D is almost regular, then every arc of D is contained in an m-cycle for each m
with 46m6|V (D)|.
Finally, we wish to refer the reader to the papers of Bang-Jensen, Gutin, Yeo [15] and
Yeo [107] on tournaments. In these articles it is shown how one can obtain properties
on tournaments using Yeo’s results and techniques [105,108] and [109] on multipartite
tournaments. This shows that results on generalizations of tournaments may be useful
even if one is only interested in tournaments themselves.
Corresponding results about even-pancyclic or arc-pancyclic bipartite tournaments
appeared in Wang [101] and Zhang [115].
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6. Hamiltonian-connectedness and complementary cycles
A digraph D is weakly Hamiltonian-connected, if for any two vertices x and y,
there exists a Hamiltonian path from x to y or from y to x. A digraph D is strongly
Hamiltonian-connected, if for any two vertices x and y, there is a Hamiltonian path
from x to y and another from y to x.
The Hamiltonian-connectedness of tournaments was studied extensively and success-
fully by Thomassen [89] in 1980. Bang-Jensen, Guo, Volkmann [8] characterized in
1996 the weakly Hamiltonian-connected locally semicomplete digraphs. Furthermore, in
1995, Guo [35] found a very powerful suGcient condition for locally semicomplete di-
graphs to be strongly Hamiltonian-connected. Applying this impressive condition, Guo
proved in his thesis [35] (see also [36]) that every 4-connected locally semicomplete
digraph is strongly Hamiltonian-connected.
Only two results are known on this problem for multipartite tournaments. As a
generalization of Thomassen’s result [89], in 1995, Bang-Jensen, Gutin, Huang [12]
characterized weakly Hamiltonian-connected uniform multipartite tournaments. A char-
acterization of weakly Hamiltonian-connected bipartite tournaments was derived by
Bang-Jensen and Manoussakis [20] in the same year.
Problem 6.1 (Bang-Jensen, Gutin, Yeo [16]). Characterize the family of all weakly
Hamiltonian-connected multipartite tournaments.
Conjecture 6.2. Let D be a multipartite tournament. If (D)¿(D) + 1, then D is
weakly Hamiltonian-connected.
Conjecture 6.3 (Bang-Jensen, Gutin, Huang [12]). Let D be a 4-connected uniform
multipartite tournament with an (x; y)-path P such that D − V (P) has a cycle-factor.
Then D has an (x; y)-Hamiltonian path.
Conjecture 6.4. Let D be a multipartite tournament. If (D)¿(D) + 3, then D is
strongly Hamiltonian-connected.
Finally, we turn our attention to cycle complementary digraphs. A digraph D is
cycle complementary if there exist two vertex disjoint cycles C1 and C2 such that
V (D)=V (C1)∪V (C2). The problem of complementary cycles in tournaments was
almost completely solved by Reid [74] in 1985 and by Song [78] in 1993. They proved
that every 2-connected tournament T on at least 8 vertices has complementary cycles of
length t and |V (T )|−t for all 36t6|V (T )|=2. Y. Guo and Volkmann [43,45] extended
this result to locally semicomplete digraphs. The more general problem of partitioning a
highly connected tournament into two sub-tournaments of high connectivity was posed
by Thomassen in the early 1980’s (see [74]).
There are some results on complementary cycles in bipartite tournaments by
Song [77], Zhang and Song [117], Zhang, Manoussakis, Song [116], and Zhang and
Wang [119]. But the problem of complementary cycles in n-partite tournaments is
completely unsolved for n¿3. We only present the following two conjectures.
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Conjecture 6.5. Let D be a multipartite tournament. If (D)¿(D)+1, then D is cycle
complementary, unless D is a member of a Anite family of multipartite tournaments.
Conjecture 6.6 (Yeo [108]). A regular n-partite tournament D with n¿4 has a pair of
vertex disjoint cycles of length t and |V (D)| − t for all t∈{3; 4; : : : ; |V (D)| − 3}.
7. Concluding remarks
Readers interested in more information on paths in multipartite tournaments should
consult Gutin [54], Guo [37], Yeo [106], and the more recent articles by Guo [38],
Gutin, Tewes, Yeo, [56], Gutin and Yeo [57], Volkmann [99], Yao, Guo, Zhang [104],
and Yeo [111].
Since the 1990’s, more and more attention has been paid to multipartite tourna-
ments and other interesting generalizations of tournaments. For example: in-tournaments
(Bang-Jensen, Huang, Prisner [18], Tewes [81 – 83], Tewes and Volkmann [84,87],
Volkmann [95]), quasi-transitive digraphs (Bang-Jensen and Huang [17]), path-
mergeable digraphs (Bang-Jensen [5]), and others. The subject has really started to
blossom. The arrival of some new and powerful ideas and methods is also promising
for the future development of this beautiful and fascinating theory. A very useful and
extensive survey of work on generalizations of tournaments was published in 1998
by Bang-Jensen and Gutin [10]. Furthermore, we refer the reader to Bang-Jensen and
Gutin [9], Huang [62], and Reid [75]. Excellent sources for more information in this
area are found in the recent book by Bang-Jensen and Gutin [11].
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